During the last decade, tensegrity systems have been the focus of numerous investigations exploring the possibility of adopting them for planetary landing and exploration applications. Early approaches mainly focused on locomotion aspects related to tensegrity systems, where mobility was achieved by actuating the cable members of the system. Later efforts focused on understanding energy storage mechanisms of tensegrity systems undergoing landing events. More precisely, it was shown that under highly dynamic events, buckling of individual members of a tensegrity structure does not necessarily imply structural failure, suggesting that efficient structural design of planetary landers could be achieved by allowing its compression members to buckle. In this work, we combine both aspects of previous research on tensegrity structures, showing a possible lattice-like structural configuration able to withstand impact events, store pre-impact kinetic energy, and utilize a part of that energy for the locomotion process. Our work shows the feasibility of this proposed approach via both experimental and computational means.
INTRODUCTION
A tensegrity system is an actuated structure made of tension and compression elements arranged in such a way that tensile forces stabilize the structure. Given their light weight and ability to withstand high velocities impacts, tensegrity systems have been the subject of several studies considering the possibility of adopting them for planetary landing and exploration applications (Sabelhaus et al. 2015) . Most approaches focus on the locomotion of tensegrity systems after landing by actuating the cable members to achieve a rolling or gait-like motion (Paul et al. 2006; Sabelhaus et al. 2015; Chen et al. 2017; Vespignani et al. 2018) . In a recent work, (Kim et al. 2016) suggests combining this type of locomotion with a thruster to hop over long distances.
These works are part of an exciting and broader field of aerospace research concerned with the design of efficient rovers for the exploration of Solar System bodies. The low-gravity environment and rough surfaces characteristic of small Solar System bodies offer new possibilities and challenges that must be met with clever designs that rely on different modes of locomotion than the traditional wheeled rover, which is inappropriate for such environments (Pavone et al. 2013; Hockman et al. 2017) .
When it comes to modeling tensegrity systems, typical approaches do not account for the buckling of compression members. The loads borne by individual members are therefore limited to stay under their Euler's critical load so that the modeling approach remains valid. While this is a reasonable assumption when modeling the rolling locomotion of spherical tensegrity systems, it was shown to be inaccurate for highly dynamic events such as planetary landings (Rimoli 2016; Rimoli 2018) . Allowing compression members to buckle could lead to more efficient structural designs able to store pre-impact kinetic energy and utilize part of it for the locomotion process. In our work, we consider a tensegrity system with a lattice-like configuration made of truncated octahedron elementary cells. This architecture opens the way to modular designs with the possibility to build complex lattice structures with various shapes (Rimoli and Pal 2017) . The type of locomotion presented in this paper is far different from the motions usually achieved with spherical tensegrity systems (Chen et al. 2017; Vespignani et al. 2018) , as it is more akin to hopping than rolling. The study of this type of locomotion is made possible by the reduced-order model of the tensegrity structure that enables the analysis of the energy storage and release mechanisms through the buckling of the compression members.
In section 2, a description of the tensegrity architecture used in this work is made and the reduced-order model used for simulating the tensegrity system is summarized. Section 3 presents the results obtained from the simulation and the approach used to learn a hopping mode of locomotion for the tensegrity system. The results from transferring these findings to a real prototype are given in section 4. A conclusion is finally drawn from those results in section 5.
PROPOSED ARCHITECTURE AND MODELING APPROACH

Architecture
Unit cell
The architecture proposed in this work is based on a lattice made from the repetition of a truncated octahedron unit cell. Each unit cell is made of 12 bars and 44 unactuated cables. The bar ends, where the cables connect, are referred to as nodes, of which there are 24 total. 36 of the unactuated cables correspond to the edges of the truncated octahedron. Some of these cables are shared between two unit cells in a lattice configuration. The other 8 cables are added to attach both ends of an actuated cable linking the top and bottom faces of each unit cell. This actuated cable can be retracted around a reel that can be locked to prevent the cable from unwinding. As the actuated cable is retracted, the structure is compressed and accumulates elastic energy, mostly from the bending of the compression members. The reel can then be unlocked in order to quickly unwind the actuated cable and release the elastic energy stored in the structure, initiating a jump. See Fig. 1 for a graphical depiction of the elements of an elementary cell at rest.
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Cable Actuator Figure 1 : Rendering of the truncated octahedron unit cell.
Lattice assembly
Although able to hop in place, a single elementary cell cannot be steered toward a given arbitrary direction with the proposed actuation mechanism. A possible solution is to use multiple elementary cells attached together, to retract the actuated cables to different lengths, and to release them at the same time to create a jump in the desired direction. The lattice assembly of the unit cells is performed as described in (Rimoli and Pal 2017) , where two adjacent unit cells are symmetrical about the plane at their intersection. Because of the symmetries of the unit cell, the reflection from one unit cell to an adjacent one is equivalent to the composition of a translation and a rotation. All unit cells of the lattice are therefore similar despite the reflection operation used to generate the lattice. This configuration differs from the one of traditional lattices, which are normally made by a pure translation of the unit cell. Indeed, the non symmetry of opposing faces in the unit cell makes the construction of a lattice by pure translations impossible. With the used lattice, bars connect at the intersection between unit cells and are grouped in connected components of at most four bars forming a loop. This architecture is therefore in accordance with the fundamental concept of tensegrity stating that compression elements form islands of compression in a sea of tension (Buckminster 1962) .
In this work we focus on the control of a 2 × 2 structure since it is the smallest assembly capable of hopping in any direction given the actuation mechanism. This structure, shown in Fig. 2 , is made of 80 nodes, 48 bars, 160 cables, and 4 actuators. 
Prototype
To assess the viability of the hopping locomotion in practice, a prototype of the 2 × 1 tensegrity lattice was built and used for the experiments of section 4. The bars of the prototype are made of carbon fiber and the cables of stainless steel. At both ends of each bar, a ball joint connects the bar to a 3D printed part to which cables can attach. The actuation mechanism is also attached to the 3D printed parts using the additional cables. The mechanism consists of a reel that is connected to a constant force spring. When the unit is compressed, the constant force spring retracts the actuated cable, driving the reel past a spring-loaded lock. The interaction between the reel and lock is similar to that of a ratchet. When engaged, the lock allows the reel to rotate in one direction only, preventing the unwinding of the actuated cable. Upon reaching the desired accumulated elastic energy, a servo disengages the lock from the reel, allowing the actuated cable to rapidly unwind and release the energy of the unit, initiating a jump. 
State estimation
The state estimation of the prototype is performed with a Vicon camera threedimensional motion tracking system using Nexus data capture software. Each node on the lattice is covered with reflective tape to represent a marker inside the software. Experiments, in which the lattice is compressed and jumps, are performed using 12 cameras with a 1000Hz collection rate. As the system tracks the trajectory of each individual node, it is possible to estimate the trajectory of the center of mass of the lattice by averaging the coordinates of the nodes at each time instance. This allows the center of mass to be tracked through threedimensional space once a jump is completed.
Modeling approach
In order to use the hopping motion of the tensegrity lattice as a viable mode of locomotion, it seems reasonable to expect the ability to predict the landing point after a hop for a given actuator configuration and environment. The environment includes the factors that have a significant impact on the hopping trajectory such as gravity and terrain. In this study, we limit ourselves to a flat and horizontal terrain.
To estimate the hopping trajectory of the tensegrity system for a given actuator configuration, a simulation based on a reduced-order physical model is built. The simulation is based on the integration of the physical model dynamics using explicit methods. For the simulation to remain stable, the integration time step has to be of the same order of magnitude as the inverses of the natural frequencies of the spring elements. This time step gets smaller as the simulated structures grow stiffer which implies an increase in the computational time required for the simulation. For the structures considered in this work, the simulation runs slower than real-time by several orders of magnitude. Simulating the physical model for real-time motion planning is therefore not a possible approach. However, a dataset of simulated trajectories can be constituted and used to learn the hopping behavior of the tensegrity system. In Section 3, the constitution of such a dataset is described.
Physical model of the structure
The physical model used in this work for the simulation of the tensegrity system is based on the reduced-order model introduced in (Rimoli 2018) . Cables and actuators are modeled by linear springs that only produce a force when in tension while bars are discretized in a set of four masses, three linear springs, and two angular springs as depicted in Fig. 4 . Two point masses are added at each end of each actuated cable, for a total of 184 point masses constituting the modeled state of the 2 × 2 tensegrity lattice. The weight of each cable is shared between its two adjacent masses. This discretization scheme accurately approximates the buckling of the compression elements with only a reduced number of parameters. 
Contact forces
Apart from gravity, the only other external forces considered in the model are the ones induced by the contact of the tensegrity system with the ground. They include the normal reaction force and friction force experienced by each node during contact or collision with the ground. The reaction and friction forces are modeled by using a collision impulse model.
Simulation of the hopping behavior Initial state form-finding
The determination of the equilibrium of the studied tensegrity system for a given set of actuators rest lengths, often referred as form-finding, can be done by using different methods. The two methods that were considered in this work are dynamic relaxation and conjugate gradient descent. In dynamic relaxation the system is simulated from an initial state with the rest lengths adjusted to the desired value until an equilibrium is reached. A viscous damping term is added to each node to speed up the convergence. Although able to systematically find the equilibrium configuration position of a tensegrity system, the dynamic relaxation method is too slow to be practicable to generate a high number of equilibrium configurations. In the performed simulations, the conjugate gradient descent was much faster than dynamic relaxation, by roughly two orders of magnitude.
In conjugate gradient descent, an energy minimum is searched by iteratively updating the state while following a direction updated at each iteration with the energy gradient of the current state. Whereas in a steepest descent the direction is always equal to the opposite of the energy gradient, in a conjugate gradient descent the direction c n at step n > 0, called the conjugate, is computed according to the following formula:
where x n is the state at step n, E(x n ) the energy of the state, and β n a real scalar. c 0 is set by following the opposite of the gradient direction at x 0 . A steepest descent would be equivalent to setting β n = 0 at each step. In our implementation, β n was computed according to the Polak-Ribiére formula (Polak et al. 1969 ) and clipped to always ensure directions implying sufficiently negative slopes. Once the conjugate c n is computed, a line search is performed to find the step α n that minimizes E(x n + α n c n ) and to update the state. The conjugate is then updated and the process repeated until convergence. Many different possibilities exist to implement the line search and the best performing ones usually depend heavily of the problem study. In general, there is a trade-off to consider between refining the line search to obtain a better minimum of the energy along the conjugate direction at a computational cost and performing a step with a suboptimal estimate of the energy minimum along the searched line.
In our case, since the variation of energy of a tensegrity lattice along a given direction is usually dominated by the elastic energy of the system, the quasiquadratic nature of the energy is used to quickly find an energy minimum, as described in more details in the following.
When proceeding to the line search at state x for a given direction c, we write E α = E(x + αc). The line search proceeds by first finding three successive nonnegative scalars α 0 , α 1 , and α 2 such that the energy at state E α 1 < E α 0 and E α 1 < E α 2 , indicating the presence of a local minimum of the energy between α 0 and α 2 . Then, a new α m ∈ (α 0 , α 2 ) is computed as the absissa where the parabola intercepting the points (α 0 , E α 0 ), (α 1 , E α 1 ), and (α 2 , E α 2 ) reaches its minimum. The following update rule is then applied:
Is is easy to show that the new interval [α 0 , α 1 ] still contains a local minimum of the energy. This process is then repeated until a minimum is found with an acceptable tolerance or when the number of iterations reaches a given maximum. α 1 is then returned by the line search and the state is updated accordingly.
SIMULATION RESULTS
Simulation analysis
Simulations of the tensegrity system behavior were performed for each of the equilibrium configuration found previously via conjugate gradient descent. More than 40000 configurations were computed for randomized actuators rest lengths. The rest lengths were sampled between 0.2l and 0.8l, where l is the distance between two opposed face of the truncated octahedron formed by a unit cell subject to no external load. That is, a rest length 0.2l corresponds to a stretch λ = 0.2, since λ is defined as the ratio between the rest and original length of the cable.
For about 10000 equilibrium configurations, hop trajectories were subsequently simulated for 3 seconds by unlocking the actuation mechanism. A typical hop trajectory is depicted in Fig. 5 . Upon release of the locking mechanism, the device jumps. The height of the jump is related to the combined stretch λ of all actuators, whereas the jumping direction depends on the differential stretch between units of the lattice. Results of our simulations are summarized in Fig. 6 . The figure depicts the final position of the center of gravity of the vehicle by the end of the simulation. The position of the center of gravity is approximated by averaging the position of all nodes in the lattice. As it can be seen, the lattice has a better ability to translate in the 0, 90, 180 and 270 degree directions. However, it can still move at all intermediate directions. The figure also highlights the dependence of jump direction on stretch differential, represented by λ 1 −λ 2 +λ 3 −λ 4 . This definition has a four-fold symmetry, so identical results are expected by permuting the stretches while preserving the 90 degree symmetry of the lattice. The elastic energy stored in the actuating cables, although mentionned in the legend, is too small to be distinguishable on the plot.
To conclude this section, from the analysis of the simulated trajectories, one can observe that a significant proportion of the elastic energy stored in the tensegrity structure is dissipated because of the friction with the ground. The rest of this energy that is converted in kinetic energy could potentially be converted back to elastic energy at impact with the appropriate relocking mechanism of the actuators. Fig. 7 shows the energy of the tensegrity system over time.
EXPERIMENTS RESULTS
To illustrate a feasible actuation mechanism able to produce a jump of the tensegrity structure, a 2 × 1 lattice structure was built. The structure consists of a total of 44 nodes, 24 bars, and 84 cables. Each node is covered in reflective tape to be tracked in real time by 12 Vicon cameras. Tracking of the individual nodes provides not only valuable information about of the dynamics the lattice during a flip, but also a better understanding of compression and tension on its bars and cables. The experimental setup using the 2-unit lattice comprised of placing the lattice within a square area that was calibrated to ensure accurate positioning from all cameras. The lattice was located on a variable incline, that was elevated to different positions during experimentation. Before the test began, one unit of the lattice was compressed to the desired state using the actuator mechanism. When fully compressed, an Arduino was powered on to control a servo able of removing a locking mechanism within the actuator. With the lock now removed, the unit was able to release its stored energy, initiating a flip of the 2-unit lattice. Results from one experiment are documented in Fig. 8 , which shows screenshots taken from the Vicon Nexus software used to track the nodes.
Trials were conducted at three different inclinations of 10, 15, and 20 degrees, to evaluate the response of the lattice under varying operational conditions. In this context, the inclination was the angle between the ground and the surface of the ramp the lattice structure was initially placed on. Compression of the lattice was also varied at each inclination, where the actuating cable was retracted to 70%, 85%, and 100% of its initial length of 0.35 meters. These compression values correspond to values of stretch λ of approximately 0.52, 0.40, and 0.32 respectively, where λ is defined as the compressed lattice height divided by the original, uncompressed height. Three experiments were completed at each combination of inclination and compression, leading to a total of 27 trials. Fig. 9 shows the experimentally obtained position of center of mass for various cable retraction levels. As it can be seen, the incline angle does impact the overall trajectory without affecting significantly the landing location of the center of mass after the flip maneuver. This weak correlation with incline angle can be seen more clearly in Fig. 10 , which shows the position of the structure center of mass at the time of first impact for varying cable retraction levels and incline angles. Perhaps more interestingly, the figure indicates that horizontal distance traveled by the structure increases as compression is decreased. This result could be somehow counter-intuitive, as one would assume that higher retraction levels are associate with larger energy storage, resulting in longer travel distances. We believe this effect could be due to higher compressed cases becoming airborne for a longer period of time, a state in which the lattice rotates about its center of mass, losing horizontal velocity compared to the lower compressed cases. For the lower compressed trials, one unit remains in contact with the ground for the duration of the test, allowing the lattice to travel further horizontally by exploiting friction with the ground. This leads to an initial conclusion that in order to acquire a maximum horizontal distance traveled, the energy to provide a flip of the lattice should be optimized accounting for friction conditions.
CONCLUSION
In this work, a new mode of locomotion for tensegrity systems is proposed and analyzed via a reduced-order model suitable to the modeling of the buckling behavior of compression elements. This mode of locomotion, based on a hopping motion of the system, is appropriate for tensegrity lattices constructed from a truncated tetrahedron unit cell. The actuation mechanism is designed to compress each unit cell of the lattice and quickly release the stored elastic energy to initiate a jump. The hopping behavior of a 2×2 lattice is studied by simulating the structure with the presented reduced-order model. The simulation of the hopping behavior of the tensegrity system is done in two steps involving a conjugate gradient descent to find the equilibrium of a structure given its actuators configuration and a simulation of the structure's dynamics once the the elastic energy stored with the actuation mechanism is released. A 2 × 1 lattice prototype was built and subject to various jump tests to validate this novel mode of locomotion. Results show that compression level highly conditions travel distance during the flip maneuver, and that appropriate compression level should be optimized for ground friction conditions. This should be addressed in future work, in which we will aim at refining the simulation parameters to replicate the behavior of a 2 × 2 lattice. The dataset of trajectories will also be increased in size and learning methods will be studied to predict the trajectory behavior for a given configuration of the actuated cables without using the simulation.
